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INTRODJCTION

Under the title "Contribution to the Stress and Strain
Analysis of helical Spring %ashers", a short abstract from a report
of the then Armament Design Establishment was published in the Coil
Spring Journal 1954, No.36 pp. 32-24. The report was later published
in full in the German journsl “.erkstatt und Betrieb 1956, pp 181-185.

Work on the revision of B.S.1802 "Steel Spring .ashers"
made it desirsble to adapt the rather involved method in the original
peper to practical design work. In fact, it proved possible to simplify
it so much that the calculations for a spring vasher design has become

as simple as those for a helical spring.

In order to uwescribe it, it +ill first be necessary to review

the original one.

THE GEOMETRY OF THZ “ASIER

If a washer with mean diameter D and with rectangular cross-
section of width " and thicimess t is placed betiveen the platens AA
and B of a load testing maciinc it takes the position as shoun in
Fig. 1 when e small load i is asnlied, and only a small error will be
incurred by assuming thet Fi.. 1 shows the washer in the unloaded

condition;

The washer is in contact with each platen at two noints
01, 82 and CI1 s 0‘2, respec.ively, with distances p and g from the
vertical axis NN' of the washer. The centre lines Pt-.i1l,.2¢ of the coil
is e helix with pitch PQ = h, and diameter D,and its edges are also
helicess Consequently, the projections of these helices on the plane
of the elevation Fig. 1 are sine curves. The perpendicular dropped
from point S on the ocutside upper edge of the coil onto its axis
UU' vhich is also the axis of ellthehelices intersects with this axis
at point O which may be chosen as the origin of system of co-ordinates
(x,¥)e In this system, the curve corresponding to the outside upper

edge of coil has the equation

x = 5(D+ w) cos (2my/hg)s (1)
Hence, the distance of C1 from the y-axis

X = % (D + w) cos (27cy1/ho) (1a)

where



where

is the angular distance between S and GJ| (sec the plan Fige 1).

The distance of 02 from the axis UU' equals half the width

e of the slit, i.e. X, = -¢/2, and it can be shown that the distance
of this point from the x-axis is given oy

i _e by /2

Yp =3Pe =3 " XD 3t Gos o

(-% --—-e-‘--)ho + e W 1)1:-].

1
=2 ®D coS < I

where o« is the helix angle the tangent of which is given by
tane = hg/xD.
It remains to find y,« The slope of the tangent to the curve (1)

is given by
dy _ . hy
dx ~ x (D + w) sin (2 ® y/hy)

and its slope at G1 by

EX -— . hl’-" =
dx(x1y1) - % (D +w) sin (2x }'1/ho) tanp (3)

where B is the angle between the y-axis and the axis NNf,
On the other hand,

tanp = Y2~ "1
X =Xy

b

and by equating these tvo tcrms for tan B and by substituting the
terms for Xy5 Xp and y, v et

2 ._& 1_ . -
h, _(2 3/ M + e 1)E 2yy ()
x (D +w) ®in (2% y1/ho) - (D +w) cos (2'}ty1/h°) + e ;

..S this equation is transecndental, y, can only be fo:nd by trial

and error or graphicallye.

Once vy is known, Xy ¥ and tan g can be calculated
from (1(a), (2) and(3) and the following equations be derived
Ho = 2MN = 2MUcosB
e .
= (1 -ﬁD)h° + cosa:] cosp ~ e sinB , (5)
J
H
P =3os5 -~ 3 ‘tan B (6)



Ho
q =% tanﬁ + 2“03{3' (7)

THE ELASTIC DEFCRIATTIGHY

The washer load ' procuces the reactions P‘l and P2 at the

40 C,: and 02, 0'2 respectively, which must satisfy the

conditions of equilibrium.

points C

— 3 -
P1+P2_Q and P1p_L2q.
- I S = —
Hence P‘i 57 7 3 and P2 rary

These reactions can be resolved in components acting in the directions

of the axes x and y, namely

vV, =P, cosB H, =P, sinp V, = P,cos H, = P, sinf  (8)
Figs. 2 and 3 show the plan of the washer as seen against

the positive direction of the y-axis. As always e << T D, thc slit

has been neglected, and the washer is considered a whole circle.

1
Owing to the symmetry with respect to the diameter 021'»"1 , only the
semicircle C. M. M' need be dealt with vhich is divided in the two

272
ranges of 1ntc,grat10n@1 = Ouee. (®/2 - ¥Y) ard &, =(-v) /2
by point 01 vhere V,i is sctins perpendicularly upwaris.

4
Range 1 Torque T‘l and bending moments l‘fi1 and ivl_‘l , acting at any point By

T, =V, x4,K =V, xILF (see Fige. 2)

4 = Vo Xy y

=V, x-g (1 +cosi>1) -V, x[_g_ﬁgw sin (@1 +Y)J (9)
iy =V, XxCK -V, x c; F, (see Fig. 2)

=V, x3 sin®, - V, x 2 cos (2, +Y ) (10)
hi: =H, xEK-H, xEF, (sec Fig. 3)

D + v ..
H x- (1-—003@ ) - T-I x( 00s @1 -3 s:l.nY) (11)

2

rolo



-y -

1
Pange 2 Torque T2 and bending moments ti, and i, acting at any point I,

2 2 2
T2 = V2 x E2F2 (see Fis. 2)
=V, x3 (1 - sind ) (12)
2 “2
M, =V, x C &, (see Mig. 2)
D
=V =
2 X3 cos‘IJ2 (13)
M. =H x CF i
ur12 = 12 X o (See Fl_i- 3)

Hy x 2 (1 - sing ) (1)

The straiﬁré/ energy of the whole washer is given by
(Y 3
| ,'75/22 o [, e, ]
W = e s il
‘"I"G.Tr_'oT1d®+_, Tqujq-mv/[ 1.;1dq)+f Mquj +
H 'D ...Y

- _Y -
- -
27 2 !
R_ r '2 . 'a_c‘z i
mh f‘é M1 dad +fv il dtI)I (15)
° - J

It denotes J the resistance tc twisting of a rectangular cross-section,
and it is Iv = \‘-rt3/12 and Ih = w}t/12. The resistance to twisting J

can be extracted from the formula for the soring rate S in B.3.1726
"Helical Coupressici Springs” irf X 106 vihich includes the shear modulus
G =11.5 x 1061b/8q.in. of conventional spring steel is replaced by

o i /11.5. Then

T 2,2
J_‘,+|.Lowt

The rather awlward solution of (15) is given in the original report
and, for the purpose in hand, need not be repeated here. It may be

written in the form

w:oQi-

GJ
where C is a dimensionless constant depending on the shape of the
washer in the unloaded condition, By diflerentiating this equation

et

we ge

& _ .coD (16)

and if we substitute a7 = Qdp where § Cenotes the deflection,
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%=2%2 or (;% =S=%-C—D-3 = const. (1?)

The spring rate is constant, and the load deflection line is straight.
This result had to be exvected because C is a coastant based on the shape
of the washer in the unloaded condition. Actually, the washer changes its
shape and the loading conditions considerabl; if it is loaded so that it may
seem impermissible to rely on a straight load deflection line. However,
load tests show that the load deflection line is straight and that the
experimental spring rate is in good agrecment with the result obtained from
(17). Of course, there is a steep rise just berore the washer is pressed
flat, a phencmenon which also occurs with helical springs near closure of
the coils.

If we assume that the load deflection line is straight until the washer
is practically pressed flat so that its lhicigiit ecuals or almost ecuals its
thickness t, the preceding formulae may be drastically simplified. Ve may

out
D

V a2 . DA . ¢ Haee
15 O I BEne U B0 Hy 0,

and, as ¢ << D#7, e may also be neglected so that V-—0 and VZ—-—> Q. Then

=qQ 2 ; -9 2sind,: N =
T, =Q% (1 +cosd,); M, =QFsin®,; M =0

= D g . T - Q - '_
T,=Q% (1 -sind)); i,=QFcosd,; M, =0

liow we may raise the upper limit of o, fron g /2 - y to m; then the equations
for T, and ot 4 cover the whole semicircle, and the equations for T2 and 1.12
become unnecessary, It rcemains

T=Q=% (1 +cosd) )

D (18)

M=Q =sind

2
The distribution of T and i over the circumfcrence of the washer is shown in
fig. 4. The torque rises from zero at the slit (point 01) to its maximum
1

value @ x D at the diamctrically opposite point it . The bending moment is
zero at both points and has its maximua valuc Q x D/2 at M,. The maximum
torque is twice as large as the torque in a helical spring with the same coil

dincnsions wider the same load Q.

The Simplified lethod of Calculation

If the simplifications mentioned are applicd to (15), this equation

becones

-

:_TE
2
2 . 2
0 = Qzﬁaffo _("ng_sil_ ad +[‘/ e ag
- v



_x D lé.+ G/E
16 ¢ IJ
; 5 Wt vh
. i _x 2,2 xbo _wt? _ v vhere
or, after substituting J = i, Mo wt = P th and Iv =3 Tom2

2 3 r 1
_ 2. 9 mc 1
W= £ o S Lﬂ“' + mG/E,
© J
2351 ]
-2 emel !
=€ g & | = + G/E
kTG [, T, J
On the other hand, the strain encrgy is also given by %Qﬁ «  Thercfore,
2337 I
S Sl |l =1
LG w !ﬂmu, + G/B { 20‘(5
o J
and hence
the spring rate S = 95 = 2 ‘;r ¢ - ~x
3potm | e+ G/EJ
LT
ot tho om0 m BB
Te M | -t I‘J
3 LT

For conventional spring stecel with G = 11,5 = 106 1b/sq.in, and G/E =
11.5/30 = 0,3833, these formulac turn in

or, if' the abbrcviation

is introduced, in

s=4%x10
o

Q:A-V-"%x1(}6
c

(19)

(20)

(192)

(20a)

(21)

(19p)

(20b)
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X

The load factor A vhich is a function of m is tabledin Table 1 and plotted

against m in the graph Fig. 5.

2.2 2.k

0.160 0,126

| Tabic 1 Load Factor & B o
.n‘1 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.8 2.0
A 51.130 0,913 0.751 0.621 0,517 0.436 0,372 0.274 0.207
Table 2 Deflection Factor B
m(c+1j 5 5.5 6 7 8 9 10 11 12
. ] :
1.0 0.919 G.932 0.943 0.958 0.967 0.97% 0.979 0.983 0.985
1. iO.999 1.014 1,028 1.046 14.059 1,067 1.073 1.078 1.081
1.2 1.075 1.095 1.110 1134 1,449 1,159 1,167 1.173 1.777

The tcrms in (5) which contain e may be omitted as before, and cos o

differs so little from unity that (5) may be vaitten
= + t
H (ho Jcos B
The pitch ho can be related to t by puttin- ho =

H = (n+1)t cosp

As

------

nt where n % 1.

1 1
CoSfB =~ vy 0t BT Tt S ST
| R 2 v 2 t
1+' Py s s s v e e 1+ n -
{ m(D+w) sin(2'f'§y1/h Y ' ( e+ )sin(27w1/h0)
e e ——— 1 -
v 2 1
1+ n° —— SE—

_7-( nc+1 }] 2sin2(27w1/‘10)

Then

(22)

e et . 2t e s e i ——— —— -

z _ . .
In B.3.1726:1351, the coefficicnt p, is given as a function of the side ratio m

and of the relative curvature ¢ of the coll called the spring index.

However,

it has been found that the values of the swring rate as calculated and as

noLsursd are

in bettor agreement if the influcnce of the curvature on, is

neglccted by exclusively using the values of | for ¢ =0 (zerc curvature)

vhatever the
version of B.S.172C it is sug

actual value of c may be.

bascd only the |, -values for ¢ =co

Therefore, in the draft of the reviscd

csted that the newv cocfficicntp/11.5 = W, be
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or, as 1/51112(271;9'1/}10) =1 + cotz(z»;@',l/ho),

- — - w ww

2
p1+cot (thy,l/l_o)

L i by
L'J‘E m(c+1)_.l
The tern cot2(2ﬂ1/ho) is obtainable from ecuation (4) which by neglecting

tems with e and by patting 1/cos« #1, becones

ho 3/ 2 ho - 2y‘l

Wsin(zvty1/ho) cos(z'!ty,i/ho)
or 3
25y 1/ho+cot(2mr 1/ho) =gm

It can be found by trial and error that this equation is satisfied by

27qr,i/h0 = 12932135" and cot(27cy1/h0) = 4,493, Therefore, as cot2(2w1/ho): 20.2,

1
COS‘B = - f—3 A S - e ———————
A R A I
14 BB R 14 2don (23)
I m{c+1 ) ’:m( c+1 )]

The meximum deflection is given by
& = HO -t

cr, if (22) and (23) are used, by

-

5 = I“ n+ 1 Y
' '\P‘1+2.15 oA [m(c+1)] 2

If we put

n+ 1

Pt i -1=3
v 1 + 2.15 nz/ fra(c-i-‘i)]z

we get
5 = Bt (%)
The deflection factor B for n = 1, 1.1 and 1.2 is tabled in Table 2 and
plotted against m(c+1) in the graph Fig. 6.
If § = Bt is substituted in (20b), this equation reads

Q = 4B _w_j:; b'e 106
o
= BSt (20c)
For the maximum shear stress, B,S.1726 gives the formula
P
a =Mgn
or, by using thc notation of this report,
q =?\%§

where ) = (m+1)(c.+1)’)\_1 is given in a design chart and), in a table.
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£s the load is acting in the axis of a helical spring, the stress is
produced by the torque Q x R whereas the washer is subject to the maximum
torque § = D = XR. Therefore the maximwi stress in a washer is twice as
large as in a helical spring, nanely

2,2
Q= eME

or q= 2 &D}- x ‘iO6 (25)
)
Lumerioal Zxamples
1. The 5/8" spring steel washer on Table L of 3,3,1802:1951 has the
following nomiungl dimensions:
Outside dia. Do = 1.072 in. Width w = 0,192 in,
Fean thiclmess t = 0.128 in,
- — - 409 = 2200 4 =¥ _ 9-"-1..9_% = 5
Hence D = DO- w=1,072 - 0,492 = G,E20 in,, m = ¥ = 0158 © 1.5,
- D _ 0.880 _ 3 - 96 ( = =
c =3 =355 " 4.58, ¢ = 96,1, mlc+t) = 1.5 x 5.58 = 8,37

for m = 1.5, from §fiz. 5 or Table 1: A = 0,436

ror m(c+1) = 8,37 and for n = 1, 1.4, and 1.2 from Fig. 6: B =0.985,
1.062 and 1 153, respectively.

Form =1,5 ad ¢ = 4.58 frou Table TI in B,.S,1802: 7\1 = 1,22,

Therelore, )\ = (m+1)(c+1)3,1 = 2.5 % 5.50 x 1.22 = 17.

) A7, 6 - .
#ron (19): S = 'c-jr x 10" = ._'.153,;.6.351.0.'.1.?..2.106 = 872 Ib/in.
Fron (24): & = Bt = 0,128
fron (20c): Q = BSt = 872 x 0.123B = 111.53611:.
’ [ -
Froa (25): q = 213——3- 10% - 2 x 17 -‘-’-:):ig 1@ 10 B = 154000B
0 L
no | ) Q Q
; - in, 1o 1b/sq.in.
1.0 ! 0.985 0,126 110 151520
1.1 ’ 1,062 0.136 118.5 163500
1.2 1 1.153 0.148 128.5 177500

2. Tor comparison, meximun load and stress ol tihe 5/8" heavy range washer
in the American standard ASA B,27.1-195C nay be calculated.

Tie nominal dimensions are:

0.210 in., t = 0,189 in.
Then D =D, + w = 0.858 in.,, m =1,1, ¢ = 4,083, @ = 68,05,

i

Inside dia. D, = C.648 in., w

n(c#1) = 5.6k, A = 0,900, B =0,9L5, 1.0185, 1.0995, n, = 1.28 A =137k

s = 9.990 x 0,210

=05 = 2780 1b/in.,d = C,189B, @ = 2780 x 0,1898,
G =2x 137k %@-990—2 10%3 = 3630008.
n | B & Q
! - in, tib l'b}Sq.in.
1.0 ! 0,945 0.1785 Lo7 343000
1.4 1.0185 0.1925 536 370000
1.21  1.0995 0.208 578 399000
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